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Abstract

Edge degree of a vertex u is defined as sum of degrees of edges which are incident to a vertex u in a graph G. In this
article, we define the edge degree of first and second Zagreb indices of a graph G analogous to Zagreb index in terms of edge
degree. Later, we obtain the edge degree of a vertex for some standard graphs such as path, regular graph, wheel graph, star
graph, complete bipartite graph, ladder graph and friendship graph. Further linear regression analysis of the edge degree Zagreb
indices with the boiling points of benzenoid hydrocarbons is carried out and analysed that the first edge degree Zagreb index
has good correlation with the boiling point of benzenoid hydrocarbons.
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1. Introduction

In theoretical chemistry,a molecular graph represents the topology of a molecule,by considering how the

atoms are connected. This can be modelled by a graph taking vertices as atoms and edges as covalent
bonds.The properties of these graph-theoretic models can be used in the study of Quantitative Structure-
Property Relationship (QSPR) and Quantitative Structure-Activity Relationship (QSAR) of molecules by
obtaining numerical graph invariants.
Let G be a simple, finite, connected graph with the vertex set V(G) and edge set E(G). The edge joining
the vertices u and v is denoted by uv. The degree of a vertex u is the number of edges incident to it and is
denoted by d(u). If all the vertices of G have same degree equal to r, then G is called a regular graph of
degree r. For graph fundamentals we refer the books[10].

Definition 1.1. The first and second Zagreb indices of a graph G are defined as [9]

Z,(G)= ) (d(w)+dm)

uvekE(G)

and

uvek(G)
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The Zagreb indices are established tools for structure-property modeling [8, 16] and their mathematical
properties and chemical applications are well-documented in [3, 6, 7, 12, 13, 19]. Based on the extensive
work already done in this area [3, 6, 7, 12, 13, 14, 19, 9, 8], We define the following for a simple, connected
graph G: Edge degree of a vertex, first edge degree Zagreb index and second edge degree Zagreb index of a
simple, connected graph G as follows:

Definition 1.2. The edge degree of a vertex u in a graph G is defined as

edg(u) = > dgle)= )  ldg(w) +dg(v)—2.

edge e incident to u uveE(G)

Definition 1.3. The first and second edge degree Zagreb indices of a graph G are defined as

EDZi(G) = )  ledg(w) +edg(v)]
uvek(G)

and

EDZy(G) = )  ledg(wedg(v)].
uvek(G)

Definition 1.4. Fortula and Gutman in 2015 introduced Forgotten index (F-index) [5] which is defined as :

FG) = )  [du)+d* )]

uveE(G)

The paper is presented as follows. Under section 1 the edge degree of vertices of some graphs are derived
and we have evaluated the linear model for predicting the boiling point of benzenoid hydrocarbons using
the Zagreb indices within section 2.

2. Main Results

Theorem 2.1. Let PrL=(v1,Vo,...,vn) be a path with n vertices. Then,

1, for vi, i=1and i=n
edp,(vi) =<3, for vi, i=2 and i=n—1

4, else

Proof. Let P,=(v1,V2,...,Vn_1,Vn)
Let v; is adjacent to vi;1,1=1,2,...n—1
deg(vi) = 1 fori=1and i=n
deg(vy) = 2 for i=2,...,n—1
v is adjacent to vg

vy, is adjacent to v
deg(vi) =1 and deg(vy) =2

edp,(vi) = Y dle)
e incident to v;
= d(vi)+d(va)—2
1+2—-2

1 fori=1,n

edp, (vi)
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vy is adjacent to vi and vj

ed(vs) = > dle

e incident to v
[d(v1) + d(v2) — 2] + [d(v2) + d(v3) — 2]
= (1+2—-2)+(24+2-2)

ed(vi) = 3 fori=1,n
For rest,
ed(vi) = [d(vi)+dvi-1)—21+I[d(vi) +d(vit1) —2]
= (2+2-2)=(2+2-2)=14 fori=2,.,n—2
O
Corollary 2.2. Let PrL=(v1,Vs,...,vn) be a path with n vertices. Then for n > 3,
> edp,(vn) =4(n—2).
Theorem 2.3. Let P;, be a path with n vertices . Then for n > 5,
EDZ,(Py) = 8n — 18
EDZ5(P,) = 16n — 50.
Proof. Consider a path Pr=(v1, Vs, ...,vn) we know that,
for any vertex vy,
1, for vi;, i=1and i=n
edp, (vi) =<3, for vi,; i=2 and i=n—1
4, else
EDZy(Pn) = ) ledp,(u)+edp, (V)]
u~v
= led(v1)+ed(v2)l + [ed(vn—1) + ed(vn)] + [ed(v2) 4+ ed(v3)] + [ed(Vn—2) + ed(vn_1)]
+ (4+4)(n—5)
= (1+3)+34+1)+B3+4)+(4+3)+(4+4)(n—05)
= 8n—18.
EDZ3(Pn) = ) ledp, (u)edp, (v)]
u~v
= [ed(vi).ed(vo)] +[ed(vn—1).ed(vn)] + [ed(v2).ed(v3)] + [ed(vn—2).ed(vn_1]]
+ (44)(n—5)
= (I1x3)+Bx1)+Bx4)+4x3)+(4x4)(n—5)
= 16n—50.
O

Theorem 2.4. If G is a regular graph with n vertices and degree of each vertex is r then,

edg(v) =r(2r—2).
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Proof. Every vertex v will be adjacent to r number of edges and to each edge e = uv,
we have d(u) =r and d(v) = .

dle) =d(uw) = d(u)+d(v)—2
= T+71-—2
= 2r—2
Since there will be r edges incident to v in G.

edg(v) = > o dle
e incident to v
= d(e)+d(e)+ ...+ d(e)(r times)
d(w) + d(uv) + ... + d(uv)(r times )
[(2r—2) 4+ (2r—2) + ... + (2r — 2)](r times)
edg(v) = r(2r—2).

Corollary 2.5. For Cycle:
Put r = 2 in the above result

edg(v) = r(2r—2)
= 2(2x2-2)
= 4.

Corollary 2.6. For Complete graph:
Put r =n—1 in Theorem 2.4

edg(v) = [2(n—1)-2](n—1)
= 2n—2—-2)(n—1)
= 2n—1)(n—2).

Corollary 2.7. For Cycle C, with n vertices:

Z edc, (v) =4n.

Theorem 2.8. If G is a regular graph with n vertices and m edges, and the degree of each vertex is r then,

EDZ;(G) = 2rm(2r —2)
EDZy(G) = (2r —2)*r’*m.

Proof. Consider a regular graph G with n vertices and m edges, and the degree of each vertex is r then,
we know that,

edg(v) =7(2r—2)

EDZi(G) = ) ledg(u)+edg(v)]

= [r(2r—2)+r(2r—2)Jm
= 2rm(2r—2).



H. S. R., A. MADAKI and V. S. K., Commun. Combin., Cryptogr. & Computer Sci., 1 (2025), 19-34 23

EDZy(G) = ) ledg(uedg(v)]

u~v
= [r(2r—2) xr(2r—2)jm
= (2r—2)’r’m.
O
Corollary 2.9. If C4, is a cycle with n vertices and n edges then,
EDZ;(Cn) =8n
EDZ5(Cy) = 16n.
Proof. we know that,
For any vertex v; of Cp,
edg(vi) =4
EDZ;(Cy) = ) ledc,(u)+edc, (V)]
u~v
= [4+4n " Crhas n edges
= 8n
EDZy(Cn) = ) [edc,(wedc, (V)]
u~v
= [4dx4n . Crhas n edges
= 16n
O

Corollary 2.10. If K4, is a complete graph with . vertices then,

EDZ(Kn) =2n(n—1)2(n—2)
EDZy(Kyn) = 2n(n—1)3(n —2)%

Proof. Consider a complete graph K;; with n vertices.
We know that,

edg(v) =2(n—1)(n—2).

EDZi(Kn) = ) ledg(u)+edg(v)]

= R2Mm—-1)Mn—-2)+2n—-1)(n— 2)]@ - Ky, has n(“Q_l) edges.

= 2n(n—1>%mn-2).
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EDZy(Kn) = ) ledg(uledg(v)]

= 2n—1)(n—2)x 2(n—1)(n—2)]n(n2_1) - Ky has MY edges.

= n(n—13mn-2)>%
O

Theorem 2.11. Let W, be a Wheel graph with vertices vq,va,...,vn, where v, is the central vertex. Then,

n+8, for deg(v) =3

edw, (vi) = .
nn—1), for deg(v)=n—1 Where i=1,2,...,n.

Proof. Case 1: For deg(v) =3
Every v; has 3 edges uivy, usve and ugvs are incident to it.
d(u1) = d(v1) = d(uz) = d(v2) = d(uz) =3 and d(v3) =n—1

edG (Vi) = Z d(e)
e incident to v,
= [d(uw)+d(vi) —2] + [d(ug) + d(ve) — 2] + [d(u3) + d(vs) — 2]
= B4+3-2)+B+3-2)+B3+(n—1)—2)
edwn(vi) = n+38
Case 2: For deg(v) =n—1
For vertex with deg(v)=n —1 has n — 1 edges incident to it such that each edge e = uv has d(u) = 3 and
dv)=n-—1

edg(v) = > d(e)

e incident to v
d(e)+d(e)+...+d(e)](n—1 times)

d(e)l(n—1)
diu)+dv)—2l(n—1)
3+(n—1)—2](n—1)
edw, (v)] = n(n-—1).

[
[
[
[

Corollary 2.12. Let W, be a Wheel graph with vertices vy, Vo, ...,vn. Then,

D edw, (v) =2(n—1)(n+4),

Theorem 2.13. Let W, be a Wheel graph with n vertices vi,va, ..., vy, where vy, is the central vertex. Then,

EDZ; (Wy) = (n—1)(n%+2n + 24)
EDZy(Wy) = (n—1)(n+8)(n? +8).
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Proof. Consider a Wheel graph W, with n vertices and let v, be the central vertex.
We know that for any vertex vi of Wy,
n+3§, For deg(v) =3
edw, (vi) = J .
n(n—1), For deg(v)=n—1 Where i=1,2,...,n.
EDZ;(Wy) = ) ledg(u)+edg(v)]
u~v
= > led(vi) +ed(vj)] + Y [ed(vi) +ed(vn)]
Vi~Vj, ViFVn, Vj#Vn Vi~Vn
= [M+8)+n+8)n—1)+[(n+8)+nn—1)](n—-1)
= Mm—1[2Mn+8)+8+n?
= (n—1)(n?+2n+24).
EDZy(Wn) = ) ledg(u).edg(v)]
u~v
- 3 led(vi).ed(vi)]+ > led(vi).ed(vn)]
Vi~Vj, ViFVn, Vj#Vn Vi~Vn
(M+8).M+8)n—1)+[(n+8)nn—1)](n—1)
= m=D[Mm+8)*+nmn—1)(n+8)
= m—1)(n+8)(n%+38).
O

Theorem 2.14. Let S,, be a Star graph with n vertices vy, v, ...,vn. Then,

(Tl—2),

For deg(v) =1

eds, (V) = {(n— (n—2), Fordeg(v)=n—1

Proof. Case 1: For deg(v) =1
Every v has 1 edge e = uv incident to it.
dluy=n—1and d(v) =1

edsn (V)

eds, (v)

> dle)

e incident to v
d(e)

[d(w) +d(v) —2]
1+4mn—1)—2

n—

2.

Case 2: For deg(v) =n—1
For vertex with deg(v)=n —1 has n —1 edges incident to it such that each edge e = uv has d(u) = 1 and

dv)=n-—1
edg(\))

edg(v)

> dle)

e incident to v
d(e) +d(e)+... +d(e)](n—1 times)
d(e)l(n—1)

1+(n—1)—2](n—1)
n—1)(n—2).

[
[
[d(w) +d(v) —2l(n—1)
[
(
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O
Corollary 2.15. Let Sy, be a Star graph with n vertices vi,Vva, ...,vn. Then,
D eds, (v) =2(n—1)(n—2).
Theorem 2.16. Let S,, be a Star graph with n vertices v1,Vs,...,v, Then,
EDZ:i(Sn) =n(n—1)(n—2)
EDZ5(Sn) = (m—1)2(n—2)2.
Proof. Consider a Star graph S,, with n vertices.
We know that,
(m—1)(n—2), For deg(v)=n—1
de(v) =
(n—2), For deg(v) =1
EDZi(Sn) = ) [de(w)+de(v)]
= [m=2)+(n—-1)(n—-2)](n—-1)
= m—1)n—-2)1+ n—1)]
= nn—-1)(n-—2).
EDZ3(Sn) = > [de(w).de(v)]
u~v
= [m=2)n—-1)Mn-2)n-1)
= n—12mn-2)>%
O

Theorem 2.17. Let Ky n be a complete bipartite graph. Let the vertices of Ky,  be partitioned into two
sets,
Vi ={v1,va,...,vin} and
Vo = {v;,v;, ...,v;L}, then
(m+n—2)n, ifveV;

ed V) =
Kmn (V) (Mm+n—2)m, ifveVy

Proof. Case 1: For vi € V;
Every v; has n edges e = uv incident to it. Each edge e = uv has d(u) = m and d(v) =n
dle) =d(w) =du)+d(v)—2=m+n—-2

edg,,,(v) = > d(e)
e incident to v;
= [d(e)+d(e)+...+d(e)](n times)
= d(e)xn
edk,,.(v) = (m+n-2)n
Case 2: For v; € Vy
Every v; has m edges e = uv incident to it. Each edge e = uv has d(u) = m and d(v) =n
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dle) =d(uw) =d(u)+dv)—2=m+n—2.

edg,, (V) = > d(e)
e incident to v;
= [d(e)+d(e)+...+d(e)](m times)

= d(e)xm
edg,,,(v) = (m+n—-2)m.
O
Corollary 2.18. Let Ky n be a Complete Bipartite graph. Then,
Z edk,,,(v) =2mn(m+n—2).
Theorem 2.19. Let Ky n be a Complete Bipartite graph. Then,
EDZ;(Kmn) = mn(m+n)(m+n—2)
EDZy(Kmn) = m’n*(m+n—2)>2
Proof. Let Ky n be a Complete Bipartite graph. Let the vertices of Ky, n be partitioned into two sets,
V1 = {Vl,VQ, ...,Vm} and
Vo ={v{,Vy, ...,V }
We know that,
(m+n—2)n, ifvev;
edk,, . (v) =
’ (m+n—2)m, ifveV,
EDZi(Kmn) = ) ledk,,,(vi)+edk,, (v;)] Where i=1,2,...,mandj=1,2,..n
ViNVj/
= [(m+n—-2n+(M+n—2)mmn
= (mM+n—-2)(m+n)mn
= mn(m+n)(m+n—2).
EDZy(Kmn) = ) _ledk,,, (vi)-edk,, ()] Where i =1,2,...,mandj=1,2,...n
ViNVj/
= [(Mm+n—-2)n.(m+n—2)mjmn
= m’n’(m+n-2)2
O

Theorem 2.20. Let L,, be a Ladder graph with 2n vertices and n rungs. Then,

D, for vertex v on 1st and nth rung
edr, (v)= <11, for vertex v on 2nd and (n — 1)th rung
12, for rest
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Proof. Case 1: For vertices v on the 1st and nth rung, v have two edges u;v; and usve incident to it, such
that
d(ur) =2, d(uz) =2, d(v1) =3, d(v2) =2

edp (v) = > d(e)
e incident to v
d(uivi) + duava)

= d(w)+dvi)—2+d(uz) +d(va) —2
= 243—-2424+2-2
ed]_n (V) = b.
Case 2: For vertices v on the 2nd and (n — 1)th rung, v has three edges u;vy, ugve and usvs incident to it,

such that
d(ul) = 27 d(U.Q) = 37 d(u3) = 37 d(Vl) = 37 d(VQ) = 37 d(v?)) =3

edr, (v) = > dle

e incident to v
= d(wvy) + d(ugve) + d(uzvs)
= d(w) +d(vi) =2+ d(ug) + d(ve) — 24 d(us) + d(vs) — 2
= 24+3-24+3+3—-2+3+3-2
edr (v) = 1L
Case 3: For vertices v on the other rungs, v has three edges u;vi, usvs and usvs incident to it, such that
d(w) =3, d(ug) =3, d(uz) =3, d(v1) =3, d(v2) =3, d(v3) =3

edp (v) = > d(e)
e incident to v
= d(wvi1) + d(ugv2) + d(usvs)
d(ur) +d(vi) —2+d(ug) +d(v2) —2+d(us) +d(vs) —2
3+3—24+3+3—-2+4+3+3—-2
edr (v) = 12.

Corollary 2.21. Let L, be a Ladder graph with 2n vertices and n rungs. Then,
D edp, (v) =8(3n—4).

Theorem 2.22. Let L, be a Ladder graph with 2n vertices and n rungs and E(L,) is the edge set of L;;. Then,

EDZ,(Ln) = 72n—116
EDZs(Ln) 4321 — 976.

Proof. Let L, be a Ladder graph. We know that,

9, for vertex v on 1st and nth rung
edr, (v)= <11, for vertex v on 2nd and (n — 1)th rung
12, for rest
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Table 1: Edge degree of Ly,
Edge degree, (ed]_n (u), edr (v)) , uv € E(L,) (5,5) (11,11) (12,12) (5,11) (11,12)
No. of Edges 2 2 (n—4)+2(n—>5) 4 4

By using the following Table 1, we compute the EDZ;(L,,) and EDZ5(L,),

EDZi(Ln) = ) ledr,(u)+edr,(v)]

u~v
= 2(54+5)+2(11+11)+ (3n— 14)(12 +12) +4(5+ 11) + 4(11 + 12)
= 20444+ 72n — 336 + 64 + 92

— T2n-116.
EDZy(Ln) = ) ledr, (wedr, (v)]

= 2(5x5)+2(11 x 11) + (3n — 14)(12 x 12) +4(5 x 11) +4(11 x 12)
= 50+ 242+ 432n — 2016 + 220 + 528
= 432n — 976.

Theorem 2.23. Let F,, be the Friendship graph with n triangles and 2n + 1 vertices. Then,
edr (v) = 2(n+1), for deg(v) =2
4n?, for deg(v) =2n

Proof. Case 1: For deg(v) =2
Every v has 2 edges u;v; and ugvy incident to it.
d(ul) = 27 d(Vl) = 2T1, d(uQ) = 27 d(VQ) = 27

edr,(v) = D dle)
e incident to v
= d(uv1) + d(ugva)
= [d(u1)+d(vi) —2+d(us) +d(vs) — 2]
= (242n—24+2+2-2)
edr, (v) = 2n+1
Case 2: For deg(v) =2n

For vertex with deg(v)=2n has 2n edges incident to it such that each edge e = uv has d(u) = 2n and
div) =2

edr,(v) = D dle)
e incident to v
= d(uw) x2n
[d(uw) +d(v) —2](2n)
2n 42 —2](2n)

edr, (v) = 4n?.

Corollary 2.24. Let F,, be the Friendship graph with n triangles and 2n + 1 vertices. Then,

Z edr, (v) =4n(2n+1).
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Theorem 2.25. If Fy, is the Friendship graph with n triangles and 2n + 1 vertices then,

EDZ(Fn) = 8n(n?+n+1)
EDZy(Fn) = 4n(n+1)(4n%+n+1).

Proof. Let F;, be the Friendship graph with n triangles and 2n + 1 vertices.
2(n+1), for deg(v) =2

2

We know that, edf, (v) =
4n*, for deg(v) =2n

EDZi(Fn) = ) ledr, (u)+edg, (v)]

u~v

= Z ledF, (vi) +edF, (vj)] + Z ledF, (vi) + edF, (vn)]

Vi~Vj, ViAVn, V£V, Vi~vn
= R+ +2m+Din+[2(n+1) +4n?2n
= 8n(n+1)+8n?
= gnn?+n+1).

EDZi(Fn) = ) ledr, (u)edr, (v)]

u~v

= Z ledr, (vi) x edF, (v;)] + Z ledr, (vi) x edF, (V)]

Vi~Vj, ViV, Vi£Vn Vi~Vn
= 2+ x2n+1)In+2(n+1) x4n?12n

= dnn+1)2+16n3(n+1)

= dnn+1)(4n?+n+1).

Lemma 2.26. In any graph G,
edg(u) = du?—2du+ N(u), where N(u) is neighborhood degree sum of a vertex wu.
Proof.

edg(u) = Z(du+ dv—2) 1.2

u~v

= Z(du—2)+Zdv

u~v u~v

= du(du—2)+N(u) N(u) is Neighborhood degree sum of a vertex u
= du®—2du+ N(u).

O]

Lemma 2.27. Let G be a connected graph. Let Z;(G) be a first Zagreb index and F(G) be the forgotten
index of a graph G. Then,
EDZ;(G) =F(G) —2Z,(G) + N(G)
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and

EDZy(G) = Z [du?dv? — 2du*dv + du®N(u) — 2du?dv?® + 4dudv — 2duN(u)
uvek(G)

+N(u)dv? —2N(u)dv + N(u)NH)],
where N(G) is the neighborhood degree of a graph G.
Proof.

Let EDZ(G) = ) ledg(u)+edg(v)]

u~v

= > [du®—2du+N(w)]+[dv? —2dv+ N(v)] 227

= Y (du?+dv?)—2) (du+dv)+) (N +NW)
= F(G)—2Z(G)+N(G).

and

EDZy(G) = ) ledg(uledg(v)]

u~v

= ) [du®—2du+N(w]dv’ —2dv+NW)] 2.7
= ) [d’dv’ —2du’dv + du’N(u) — 2du’dv’ + 4dudv
—2 duN(u)+ N(u)dv? —2N(u)dv + N(u)N(v)].

3. Regression analysis for boiling point

In this section, We analyze the connection between the boiling point of benzenoid hydrocarbons and
edge degree Zagreb indices. We used experimental boiling point values for the hydrocarbons in figure 1,
sourced from reference [14]. Figures 2 and 3 show graphs plotting the boiling point against the degree based
indices EDZ; and EDZ,.

@ o o oft oo’
SSil=seSRNC S eoe
0 g oo

58 B (68 X

Bo o B D

Figure 1: Molecular graphs of benzenoid hydrocarbons under consideration[14]
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Figure 2: Scatter plot between boiling point(BP) and First edge degree Zagreb index
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Figure 3: Scatter plot between boiling point(BP) and Second edge degree Zagreb index

The linear regression models for the boiling point (BP)using the data of Table 2 are obtained using the
least square fitting procedure as implemented in SPSS Statistics programme, and they are

BP = 119.7(£17.35) + 1.007(+£0.04573)ED Z;
BP = 195.9(£22.09) + 0.1958(=£0.01403)ED Z,.

The above equations shows that the correlation of the experimental boiling point of benzenoid hydrocarbons
with first edge degree Zagreb index(R=0.9809) and second edge degree Zagreb index(R=0.9545).

4. Conclusion

We have introduced the Edge degree of a vertex and the first edge degree Zagreb index and second
edge degree Zagreb index of graphs and computed these indices for some specific graphs. Furthermore, We
performed a regression analysis to compare linear models relating these degree based indices to the boiling
points of benzenoid hydrocarbons. Our results, presented in Table 3, show that the First edge degree Zagreb
index has a strong correlation with the boiling point of these compounds.
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